We present alternative forms of the standard Hamiltonian called Newton-equivalent Hamiltonian zoo, producing the same equation of motion, for a system with one degree of freedom. This set of Hamiltonians is directly solved from the Hamilton's equations and comes with extra-parameters which are interpreted as scaling factors for the time evolution on phase space.
Introduction
In classical mechanics, Lagrangian is commonly used to study the dynamics of the physical system. For the system with one degree of freedom, the Lagrangian is given by L N (ẋ, x) = T (ẋ) − V (x), where T (ẋ) = mẋ 2 /2 is the kinetic energy and V (x) is the potential energy. The Euler-Lagrange equation
gives us the equation of motion:
Using Legendre transformation, L N (ẋ, x) = pẋ − H N (p, x), we obtain the Hamiltonian H N (p, x) given by H N (p, x) = T (p) + V (x), where T (p) = p 2 /2m. The Hamilton's equationsẋ
give us again the equation of motion.
It is commonly known that the Lagrangian possesses the non-uniqueness property.
Simply speaking, the equation of motion (1.2) does not change under the modification of the Lagrangian: L N (ẋ, x) = αL N (x,ẋ) + β + df (x, t)/dt, where α and β are constants. The last term is the total derivative of the function f (x, t) which makes no contribution to the variation of the action.
Recently, a new type of Lagrangian called the multiplicative Lagrangian was successfully constructed by Surawuttinack et al., [1] for the system with one degree of freedom 1 . This Lagrangian came with an extra variable namely λ which is in velocity unit. Then it is called the λ-extended class or the 1-parameter extended class of the standard Lagrangian L N given by where E(ẋ, x) = mẋ 2 /2 + V (x) is the energy function. What has been found is that if the value of λ is infinitely large: lim λ→∞ L λ (ẋ, x) − mλ 2 = L N (ẋ, x), the standard Lagrangian is recovered. The interesting point is that the multiplicative Lagrangian can be considered as a generating function for Lagrangian hierarchy:
..}, and the first three Lagrangians are given by
Intriguingly, all Lagrangians in the hierarchy produce the same equation of motion. Then the construction for Lagrangian (1.4), given in [1] , represents a non-trivial way, but systematic, to produce infinitely different Lagrangians describing the same physics.
One can ask "Does it exist the multiplicative Hamiltonian?" The answer is yes and it is given by [1]
This Hamiltonian is also called the λ-extended class of the standard Hamiltonian H N . It was also found that if the value of λ is infinitely large 
where T (p) = p 2 /2m is the kinetic energy in terms of momentum variable. These Hamiltonians form an infinite Newton-equivalent set of Hamiltonians producing the same equation of motion. The parameter λ in this construction was interpreted as a time scaling factor, see later in the text.
In the present paper, we will explore more families of the Hamiltonian, manyparameter extended class, for the system with one degree of freedom by directly solving the Hamilton's equations which is modified to a second order partial differential equation (PDE). In section 2, the exponential family of Hamiltonians, namely Cabbatonian, is derived. A non-trivial equation is found as an extra relation for solving for the Hamiltonian family. We then construct the zoo of Newton-equivalent Hamiltonians. Finally, the summary and remarks will be given in the last section.
Hamiltonian Zoo
In [1] , the key equation to solve the multiplicative Hamiltonian is the combination of the Hamilton's equations In this section, we introduce the exponential form of the Hamiltonian given by
where F (p, x) is a function defined on the phase space and needs to be determined. The parameters α 1 and α 2 are constants to be also determined. Substituting the Hamiltonian (2.2) into (2.1), we obtain 
can be used to solve for the function F (p, x) in (2.2). However, obviously, (2.6) is much more simpler to handle with.
is actually a consequence of the Hamilton's equations as well as (2.7). This can be transparently seen by substituting the Hamilton's equations in (2.6), resulting in
which holds. If the Hamiltonian implicitly depends on time (2.6) can be expressed in the form:
which is the conservation of energy. However, (2.7) can be directly obtained from performing partial derivative (2.6) with respect to p variable
Next, we are going to use (2.6) to solve the function F (p, x) with the technique of separation of variables.
Case I: Additive case
If we take the function, F (p, x) in the form:
and substitute in (2.6) we obtain 0 =ṗ dT dp
Using the equation of motionṗ = −dV /dx, we obtain 0 =ṗ dT dp − p m . (2.12) Sinceṗ = 0, the terms inside the bracket must be zero, resulting in
where C is a constant of integration which can be set to be zero. Then the function
Case II: Multiplicative case
If we take the function F (p, x) in the multiplicative form F (p, x) = K(p)B(x) and substitute in (2.6) we obtain 0 = B ṗ B dK dp
We see that both sides of (2.14) are independent to each other. Then equation holds if both sides equal to a constant β. We consider first the left-hand-side of (2.14) and obtain m Kp dK dp
where A 1 is a constant to be determined. Next, we consider the right-hand-side of (2.14)
where A 2 is a constant to be determined. Then the function F (p, x) becomes
where
is the standard Hamiltonian. In fact, the function F (p, x) is a multiplicative Hamiltonian H λ (p, x) given in (1.5) with the choices A 1 A 2 = ±mλ 2 and β = ±1/mλ 2 . Then, we now define
which the λ is replaced by λ 1 for the later use.
Case III: Cabbatonian
We now insert (2.18) into (2.2) and obtain
The remaining task is to determine the constants α 1 and α 2 . We find that the appropriate choices are α 1 = ±1/mλ 2 1 and α 2 = ±mλ 2 2 , where λ 1 and λ 2 are in the velocity unit. Then we have
The question why do we need two different λ-parameters in the Hamiltonian (2.20) can be answered by considering the limit on the λ-parameters. When λ 2 in H 2 is under the limit approaching to infinity, H 2 reduces to H 1 or the multiplicative Hamiltonian: lim
and H 2 can be further reduced to standard Hamiltonian by taking the limit on λ 1 in (2.21) lim
What we have now in (2.20) is the two λ-parameters extended class of the standard Hamiltonian or the one λ-parameter extended class of the multiplicative Hamiltonian, and it is not difficult to see that this new Hamiltonian also gives the same equation of motion with the standard Hamiltonian as well as the multiplicative Hamiltonian.
We now extend the Hamiltonian (2.2) to the super-exponential function given by
where (α 1 , α 2 , α 3 , ..., α j ) are constants to be determined. Inserting (2.23) into (2.7), we obtain
24) where the function g(i) = e α i g(i−1) for i 2, and g(1) = e α 1 F . Again, it requires that the last term must vanish resulting in the equations (2.6) and (2.7). Then the function F (p, x) takes exactly the same form as in the previous cases.
With the appropriate choices of α j = ±1/mλ 2 j , where λ j is in the velocity unit, the standard Hamiltonian and the Hamiltonian (2.23) form an infinite hierarchy given below
25a)
. . . which is called the Cabbatonian 2 . To recover the standard Hamiltonian H 0 (p, x) from the Cabbatonian H j (p, x), a series of the limit on λ-parameters is considered 
which gives another Hamiltonian hierarchy {H j−1 , H 2 j−1 , ..., H k j−1 , ...}, see also [1] . Again it is not difficult to check that the Cabbatonian (2.28) give the same equation of motion with the standard Hamiltonian.
Remark 2 : If we now define new parameters Ω j+1 ≡ ±mλ 2 j+1 , the Cabbatonian can be written in a form,
, where j = 0, 1, 2, ... , (2.29)
which forms an iterated exponential map with the given initial value H 0 (p, x). Then the Hamiltonians {H 0 , H 1 , ..., H j , ...} in (2.25) can be treated as variables for the dynamical system (2.29).
Remark 3 : In [1], the Hamiltonian (2.25b) was shown to be the generating function 
We observe that the coefficients of T and V form the well known structure called the Pascal triangle given in figure 1(a) . Furthermore, it is also well known that the Pascal triangle processes the fractal structure. It is automatically known that the Pascal triangle possesses the fractal structure by shading all odd numbers resulting in the Sierpinski's triangle given in figure 1(b) . Next the Cabbatonian (2.25) can also be written in the form
where the coefficient a k j depends on {λ 1 , λ 2 , ..., λ j }, e.g. j = 1, we get (2.30). Then obviously the Cabbatonian (2.31) processes the Pascal triangle structure and possibly the hidden fractal structure through the Sierpinski's triangle given in figure 1.
Lagrangian hierarchy
The Lagrangian hierarchy associated with the Cabbatonian can be obtained by using the Legendre transformation.
We find that for j = 0 we obtain the standard Lagrangian is L 0 (ẋ, x) = T (ẋ) − V (x) with the momentum variable p 0 = mẋ. Here the kinetic energy T (ẋ) = mẋ 2 /2. For j = 1, we obtain the Lagrangian
which was explicitly derived in [1] .
Consider for j = 2, the momentum variable p 2 can be derived by Hamilton's equations, ∂H 2 /∂x = −ṗ 2 and it gives
Using p 0 = mẋ, the momentum variable p 2 can be directly from (2.34)
Substituting (2.35) into the Legendre transformation, we obtain
Applying the same steps, we obtain the rest of Lagrangians. Then we now have a Lagrangian hierarchy
Furthermore, we find that
and to recover the standard Lagrangian L 0 (ẋ, x), we consider
We now successfully derive the Lagrangian hierarchy associated with the Cabbatonian.
More Hamiltonians
We are still wondering that "Are there more families of the Hamiltonian, producing the same equation of motion, to be explored systematically?". Then we set out to find more families of the Hamiltonian using the key equations (2.1). We now take an ansatz form of the Hamiltonian as
where a is a constant to be determined. Substituting (2.41) into (2.7), we obtain
where σ j is in velocity unit. The structure of (2.43), (2.45) and (2.47) forms a newNow let η = (x, p) and then we consider
where t λ is a time variable associated with the Hamiltonian H λ and ∂/∂η = (∂/∂x, ∂/∂p). The J is the symplectic matrix given by
Inserting (3.3) into (3.4), we obtain
where E = T + V is the total energy of the system. Here t 0 (= t 1 ) is the standard time variable associated with the standard Hamiltonian H 0 . Equation (3.6) tells us that the λ-flow is constituted of infinite different flows on the same trajectory on phase space, see figure 2 . This means that we can choose any Hamiltonian in the hierarchy to study the system of harmonic oscillator resulting in the same physics, but with different time scale. Then we may say that the parameter λ plays a role of scaling in the Hamiltonian flow on phase space. We also observe that if mλ 2 → ∞, all extra-flows will be terminated and only the standard flow d/dt 0 survives. This is consistent with the condition lim λ→∞ H λ + mλ 2 = H 0 . Now we need to explore more a little bit on Lagrangian point of view. The standard Lagrangian for the harmonic oscillator is given by
The multiplicative Lagrangian (1.4) becomes
where E(ẋ, x) = mẋ 2 /2 + kx 2 /2 is the total energy of the system. We know that the Lagrangian (3.9) can be rewritten in the form
The action of the system is given by
We then perform the variation: x → x + δx with end-point conditions:
14)
where x k = dx/dt k . Least action principle, δS = 0, gives infinite copies of the Euler-Lagrangian equation From structure of (3.12) and (3.15), the parameter λ plays also a role of time scaling parameter in the Lagrangian context.
Concluding summary
We have found that there are infinite ways to express the Hamiltonian for the system with one degree of freedom without altering the equation of motion. These alternative Hamiltonians or newton-equivalent Hamiltonians are obtained from (2.1) by using technique of separation of variables and they come with extra-parameters. Then what we have here in the present paper is a zoo of the Hamiltonians and obviously points out that Hamiltonian is also not unique. However, we believe that there are more families of the Hamiltonian to be systematically solved from (2.7). The most important question right now is that why does nature provide us such a huge variety of Hamiltonians even for just the system with one degree of freedom ? We do not have a good answer for this at the moment, but we hope that we could come up with the resolution soon. One may also ask why do we need the Hamiltonian Zoo, since the standard Hamiltonian is much more simpler to work with. We totally agree with that because these new Hamiltonians are indeed complicated, but at least they provide us a new interpretation for the time evolution of the system arising from existing of extra-parameters as time scaling parameters, see also [2] . Moreover, these Hamiltonian is richer than the standard one in the sense that they contain more parameters to play with. Furthermore, extending the idea to the system with more than one degrees of freedom is also our interest. An interesting and important question is that how can we move to quantum level with these new Hamiltonians as operators? We intend to answer this answer elsewhere.
